We report a numerical investigation on parametric amplification of high-bit-rate signals and related noise figure inside silicon waveguides in the presence of two-photon absorption (TPA), TPA-induced free-carrier absorption, free-carrier-induced dispersion and linear loss. Different pump parameters are considered to achieve net gain and low noise figure. We show that the net gain can only be achieved in the anomalous dispersion regime at the high-repetition-rate, if short pulses are used. An evaluation of noise properties of parametric amplification in silicon waveguides is presented. By choosing pulsed pump in suitably designed silicon waveguides, parametric amplification can be a chip-scale solution in the high-speed optical communication and optical signal processing systems. 
Introduction
The inherent lack of direct optical transitions makes silicon futile in photonic applications despite of its fame in microelectronic applications for over five decades [1] . However, recent developments in silicon based nonlinear optics fundamentally change this concept. The discovery of intrinsic high optical nonlinearity fortified by tight mode confinement and the prospect of dense on-chip integration with micro-electronics make silicon photonics one of the rapidly growing research areas. A proper design of a silicon on insulator (SOI) based waveguide can deliver Kerr nonlinearity up to 7×10 6 W -1 ⋅km -1 [2] , which is more than three orders of magnitude larger than that of state-of-the-art highly nonlinear fibers, and facilitate chip scale nonlinear optical devices instead of long optical fibers. In fact, nonlinear photonic phenomena and devices in silicon, such as Raman amplification and lasing [3] [4] [5] [6] [7] , optical modulation [8] [9] , wavelength conversion [10] [11] [12] , all-optical switching [13] [14] [15] , pulse compression [16] [17] and optical signal regeneration [18] [19] and so on, have been successfully demonstrated.
In particular, the demonstration of 6 dB/cm optical gain by Raman is attractive to optical communications [3] . However, in modern optical fiber communication systems, the dense wavelength division multiplexing (DWDM) with inline amplification is adopted to provide high capacity in a single fiber over a long distance. The relatively narrow Raman gain bandwidth of silicon can only amplify a few wavelength channels with one pump laser. Alternatively, optical parametric amplifiers (OPAs) through four-wave-mixing (FWM) can deliver large and flexible gain bandwidth [20] [21] [22] . OPAs and their applications are mainly demonstrated in highly nonlinear fibers of several hundreds meters. Fiber OPAs with singlestage gain of 70 dB [23] or gain spectra over more than 200 nm [24-25] have been realized. FWM in micrometer size silicon waveguides has been used for wavelength conversion, but it isn't suitable for parametric amplification due to low FWM efficiency operating in normal dispersion regimes [10, 26] . With a suitable small core waveguide design to shift zero dispersion wavelength toward the 1550 nm band, theoretical investigation shows that it is difficult to achieve net signal gain with a continuous-wave (CW) pump due to presence of two photon absorption (TPA) and free-carrier absorption (FCA) induced by TPA [27] . Recently, by tailoring the cross-sectional size and shape, the waveguide geometries that allow anomalous group velocity dispersion (GVD) have been investigated [28] , and parametric amplification over 28 nm using a pulsed pump with a 75 MHz repetition rate has been demonstrated in suitably designed silicon waveguides [29] . However, net gain parametric amplification based on silicon is still a challenge under the presence of nonlinear losses, especially for high-speed optical communication and optical signal processing systems.
In this paper, we investigate the pumping conditions to achieve net gain and estimate the noise performance of silicon based parametric amplifiers in the presence of nonlinear losses at high bit rates. In particular, a detailed numerical investigation of the parametric gain and noise figure (NF) evolutions inside 1 cm silicon waveguides for high-repetition-rates are considered with waveguide parameters achieved experimentally [28-29, 30-32]. We show that for high data rates, net gain parametric amplification can be achieved by using shorter than 5ps pulses in anomalous dispersion regime. NF of the amplifier is influenced by the presence of nonlinear losses. In order to achieve net gain with a continuous-wave (CW) pump, the free carrier lifetime should be shorter than 20 ps. This paper is outlined as the following: In Section 2, we present the model used of the OPA in the silicon waveguide. Also, we present the NF evaluation method in the same section. In Section 3, we study gain profiles at different silicon GVD values and demonstrate the impact of peak pump power on parametric gain and NF at different wavelengths. The maximum gain, corresponding wavelength and NF are also discussed. The impact of pump pulse width and repetition rate on the parametric gain and NF is examined and compared. In the last part of this Section, we present the impact of different free carrier lifetimes on the parametric gain and NF, and the CW pumped OPA in silicon is discussed. Finally, in Section 4 we give a summary of our work.
Theory

Basic principles of OPA based on silicon waveguides
By combing a strong pump wave at angular frequency (ω p ) with a signal wave at another frequency (ω s ) into a silicon waveguide, FWM parametric process can occur. This can result in amplification of the signal as well as generation of an idler wave (ω i ) at the frequency amplitudes along the silicon waveguide can be described by the following coupled equations [11, 27] 
The first term on the right-hand side of Eqs. (1)- (3) is responsible for attenuations due to linear absorption and free-carrier absorption, the second term is responsible for SPM and TPA in Eq. (1) and XPM and TPA in Eqs. (2) and (3), and the last term in Eqs. (2) and (3) describes for the energy transfer between the interacting waves. We use the linear loss coefficient α=1.4 dB/cm, the TPA coefficient β =0.75×10 
In this equation, I 0 is the peak intensity, hv is the photon energy and τ is the effective carrier lifetime, which changes with the waveguide geometry or reverse bias voltage if a p-i-n diode structure exists. For CW pumping or long pulse pumping, N will reach the local steady state value of N(z) = τβI 2 (z)/ hv. For pulse pumping, the repetition rate R of the pulsed pump is an important factor impacting N. Under the operating condition of pulse pumping with pulse width T 0 <<τ, N is given by
FWM is a coherent process whose efficiency depends on how well the phase mismatch Δk meets the phase-matching condition:
where k j is the propagation constant, β 2 is the group velocity parameter. As the nonlinear part of the phase match is positive, phase matching can be realized by locating the pump wave in the anomalous dispersion regime (β 2 <0) so that the linear phase mismatch can compensate the nonlinear one. At the telecommunication wavelength of 1550 nm, the material dispersion of crystalline silicon is normal (D=-2πcβ 2 /λ 2 =-880 ps/(nm⋅km)). Because of the strong modal confinement in silicon waveguides, the waveguide dispersion can counteract the effect of the normal material dispersion [28] . It is experimentally verified that through proper design of waveguide shape and size, anomalous GVD in the range of 200-1200 ps/(nm⋅km) can be obtained at 1550 nm.
In addition to waveguide geometry and material dispersion, the TPA-induced free carrier dispersion (FCD) may also influence the phase-matching condition by changing the refractive index locally. Due to the free carrier plasma effect, the refractive index of silicon decreases linearly with increasing carrier density. However, the quadratic wavelength dependence of the free carrier plasma effect Fig. 1(a) illustrates the FCD at 1550 nm based on the above analysis, when 5 ps pump pulses enter a 1 cm silicon waveguide with 300 ps free carrier lifetime and 0.1 μm 2 effective area. At low peak pump power and low repetition rate, the FCD value is small. Hence, when the repetition rate of the pulsed pump is low and the pulse width is short (<2 ps), the TPAinduced free carrier dispersion can be neglected. However, with increasing the repetition rate and the pulse width, FCD should be taken into the account, in particular at the input end of the silicon waveguides. The effect of the repetition rate plays an important role as the peak pump power is increased. For the relatively high peak pump power, the FCD can reach up to -300 ps/(nm⋅km) if the repetition rate higher than 20 GHz. We should emphasize the fact that the FCD and FCA loss changes along the silicon waveguide due to attenuation of the pump pulses. As a result, the FCD may not be significant over long distances as illustrated in Fig. 1(b) . 
Noise properties
In an optical amplifier, the noise is induced by gain and loss fluctuations in the media [34] [35] . For OPAs in silicon waveguides, the gain is generated by FWM process and the attenuation includes nonlinear losses of TPA, FCA and linear loss. The noise is analyzed by the Langevin noise sources, which are associated with photon fluctuation created by the gain and the loss in the optical amplifier [34] [35] [36] [37] . This noise model can be extended to any linear optical amplifier. Main difference will arise from different loss components presented at different media. Since the nonlinear losses are absent in fiber OPAs, the analysis of noise in silicon OPAs is more complicated than that of fiber OPAs due to presence of nonlinear loss components. A detailed derivation of the noise calculation can be found in [34] [35] . Here, noise induced by FWM process and contributions from other components are considered to estimate the final NF of an exemplary system presented in Fig. 2 .
To estimate the NF due to FWM process, mean output photon number and mean photon number fluctuations through the silicon waveguide are calculated by using the signal wave Eqs. 
where
is the net gain and
are photon fluctuations due to gain and loss. Parameter L is the waveguide length, g(z) is the gain parameter that can be numerically calculated from Eqs. (1)- (3), l(z)=α + α FCA (z) +2βI(z) is the experienced loss coefficient, |a| 2 is the photon number at the input frequency. Assuming that the input signal power is large enough, so the second term in Eq. (9a) is negligible and (9b)-(9d) can be numerically solved. In order to achieve large pump power, optical pump sources around 1550 nm are often amplified with Erbium-dope fiber amplifier (EDFA), as illustrated in Fig. 2 . The amplified spontaneous emission (ASE) of the EDFA together with the pump laser's relative intensity noise (RIN) influences OPA's noise performance and needs to be considered for final NF calculations. In general, the RIN is much less effective compared to ASE of the EDFA.
Moreover, excess ASE of the amplifier outside the pump bandwidth, Δf, can be filtered before it is combined with the signal wave in the silicon waveguide. The variance of noise contribution on the pump due to the ASE of EDFA after the detections would be [38-39]
where S ASE =n sp hv(G EDFA -1) is the spectral density of ASE noise of the EDFA for amplifying pump laser, n sp is the population inversion factor of EDFA set by 1.5, R=q/hv s is the responsivity of the receiver. We know that larger the optical filter bandwidth will introduce more ASE noise. Therefore, an appropriate optical filter should be chosen for optimum noise performance. In addition, larger pump bandwidth is generally accompanied by pump relative intensity noise (RIN), which is magnified and transferred to Stokes and conjugate in OPAs and results in noise enhancement [40] . Here only the ASE contribution is included in our calculations and RIN transfer is excluded. The intensity variation of the noisy pump will result in signal gain variation because of its power dependence. The signal power variance caused by the noisy pump can be added as:
where the dG/dPp value can be estimated by calculating the slope of the gain as a function of the pump power from Eqs. (1)-(3) .The NF of amplified pump contribution to OPA can be given by [38] So the total NF can be gotten by
After the total noise sources are found, we can calculate the NF of OPA in the silicon waveguide by Eq. (13) . In a 1 cm silicon waveguide operating in anomalous dispersion regime at 1550 nm, the typical gain and the linear NF spectra of the OPA pumped with 1 ps pulses operating at the repetition rate of 10 GHz are given in Fig. 3 . As illustrated, the NF contribution from gain and loss fluctuations in the silicon waveguide is the dominant noise source of the silicon parametric amplifier. 
Results and discussion
To understand the gain and noise performances of OPA in silicon waveguides, we numerically investigate the impact of waveguide and pump pulse parameters based on related principles in Section II. The silicon waveguides have been considered to be 1 cm long with 0.1 μm illustrate the performances achievable in those silicon nano-waveguides [28-29, 30-32]. In the last part, we discuss the impact of different free carrier lifetimes on the parametric gain and NF.
Impact of the waveguide dispersion
To achieve net gain through parametric amplification, the pump wavelength should be operating in anomalous GVD regimes. To demonstrate this, 1 ps wide pump pulses centered at 1550 nm with 10 GHz repetition rate and 5 W peak power are used to investigate parametric gain at different dispersion values, and the results are summarized in Fig. 4 . We clearly see that net gain can only be achieved within limited bandwidth in anomalous GVD regimes. The maximum gain achieved at the phase matching point shifts and the gain bandwidth decreases with increasing the dispersion value in the anomalous dispersion regimes. 
Impact of Peak Pump Power
Pump power plays a significant role in OPA in silicon waveguides because TPA and FCA are both intensity-dependent. In addition, pump power also influence the local phase matching condition according to Eqs. (6) and (8) . In the silicon waveguide with dispersion of 600 ps/(nm⋅km), 1 ps pulses at repetition rate of 10 GHz are used as pump. Signal gain and NF at eight wavelengths are investigated. With increasing the peak pump power, gain evolutions at eight wavelengths and maximum gain evolution are shown in Figs. 5(a) and 5(b), respectively. In Fig. 5(a) , the gain decreases at relatively low peak pump power for some wavelengths which can be explained by nonlinear losses and phase mismatch. With increasing the peak pump power, the gain enters into saturation and then begins to decrease. The gain at the wavelengths near the pump wavelength enters into saturation earlier than that at the wavelengths far from the pump wavelength is due to shift of the phase matching point. The effects of phase matching by pump power are evident as the wavelength of maximum gain shifts significantly as depicted Fig. 5(b) . We note that, unlike fiber OPAs, high peak pump power doesn't mean large gain due to presence of intensity-dependent TPA and FCA losses in the silicon waveguide, which is shown clearly in Figs. 5(a) and 5(b). In Fig. 6(a) , the NF values are illustrated with respect to the peak pump power for eight different wavelengths. NFs increases with increasing the peak pump power, which is different from the gain evolutions. These results are expected because of the fact that the nonlinear (9), and hence the NFs don't enter into saturation, as illustrated in Fig. 6(b) . 
Impact of pulse width and repetition rate of the pump
The repetition rate, and more importantly, pump pulse width have significant impact on parametric gain by influencing the free carrier density. Using pump pulses with peak power of 5 W and repetition rate of 10 GHz in the same waveguide as the above, parametric gain contour at different pulse width is shown in Fig. 7 , in which the net gain regions are labeled by color. We can see that the net gain can only be achieved when the pulse width is below 5.2 ps and shorter pulse width can achieve wider gain bandwidth. Therefore, in order to achieve parametric gain in the silicon waveguide, short pulse mode-locked lasers should be considered. Shorter pulses mean higher gain that can be achieved. Fig. 7 . Gain contour at different pulse widths Fig. 8 shows the maximum gain and corresponding NF evolutions versus the repetition rate at four different pulse widths. We can know that the gain and NF have no significant changes when the repetition rate below 500 MHz, and the FCA loss is determined by the pulse width. With further increasing the repetition rage, the gain begins to decrease and the NF begins to increases, as displayed in Fig. 8(a) . The net gain can even be achieved at 80 GHz when the pulse width is 0.5 ps, but there is no net gain for 10 ps at 5 GHz. The NF performances at different pulse width are illustrated in Fig. 8(b) , which shows that lower NF can be achieved at shorter pulse and the NF increases with higher repetition rate when the repetition rate is above 1 GHz. 
Impact of the free carrier lifetime
In the above analyses, we know that net gain and NF are strongly influenced by the free carrier loss and hence by the free carrier lifetime. The free carrier lifetime of 300 ps has been assumed to match the value which can be realized in passive silicon devices. Up to date, there are a few approaches presented to reduce the free carrier lifetime in silicon waveguides, which can be applied to these calculations. Active carrier removal by means of the electric field of a reverse-biased p-n junction is expected to reduce the free carrier lifetime to values close to 10 ps at low intensity excitation [6, 35, [41] [42] . Additionally, ion implantation can be used to reduce the free carrier lifetime to 50 ps [31, 43-44]. To assess the effect of the free carrier lifetime, we calculate the optimum gain profiles and corresponding NF for free carrier lifetimes varying from 10 ps to 2000 ps, with pump pulse widths of 0.5 ps, 1ps and 2.5 ps, as depicted in Fig. 9 . We assume the repetition rate of 10 GHz and the peak pump power of 5 W. As illustrated, net gain can be achieved if the free carrier lifetime is below 500 ps with 2.5 ps pump pulses. To achieve net gain by a CW pump, the free carrier lifetime should be below 20 ps. For instance, Fig. 10 illustrates the optimum gain profile and the corresponding noise figure which can be achieved in a 1cm long silicon wire with free carrier lifetimes of 20 ps and 10 ps. Here, the optimum gains are achieved at peak pump powers of 4.6 W (4.6 GW/cm 2 ) and 2.5 W (2.5 GW/cm 2 ) for two free carrier lifetimes, respectively. As shown in these calculations the net parametric gain can be achieved at peak optical powers above 1W (1 GW/cm 2 ). However, at these intensities, the generated free carriers will screen the applied electric field and null the lifetime reduction [41] . The lifetime reduction by the ion implementation is achieved at the expense of the propagation loss and hence the induced linear loss might be prohibitive for these applications [31, 43] . Although results presented in Fig. 9 and Fig. 10 assume that 1.4 dB/cm propagation loss can be maintained and the free carrier lifetime can be reduced simultaneously, these approximations may not hold in the real waveguide. Since, the dispersion value, the minimum free carrier lifetime and the parametric gain will be coupled, a further investigation is required to determine the optimum waveguide geometry for the CW pumped parametric amplification. 
Conclusion
We investigate the gain and NF performances of the silicon based optical silicon parametric amplifiers for high bit rate communication systems. In order to achieve net gain, the pump should operate in anomalous dispersion regimes and pump pulses should be <5 ps for the free carrier lifetime of 300 ps. We show that the NF of the silicon parametric amplifiers increases due to nonlinear losses. Results indicate that for high bit rates, silicon based parametric amplification of WDM channels can be achieved by using pulsed-pump lasers, which are frequency and phase synchronized to all channels simultaneously. However, in real WDM systems high duty cycle modulation formats are being adapted and hence 5 ps pump pulses may not provide a good solution. Low duty cycle is adapted in the OTDM system, phase and frequency synchronizations are also a challenge for the high speed OTDM system with a pump laser. Recently the high-repetition-rate pulsed-pump OPA, followed by a narrowband optical filter, has been discussed for transparent signal amplification [45] . By choosing pulsed pump suitably designed for silicon waveguides, parametric amplification may be a chip scale solution in high-speed optical communications and optical signal processing systems. 
